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If we give Al a problem, it can often help us solve it

2021: word problems

October 29,2021  Publication

Solving math word problems

Read paper 7 Download dataset 7

OpenAl - October 29, 2021


https://openai.com/index/solving-math-word-problems/
https://openai.com/index/solving-math-word-problems/

If we give Al a problem, it can often help us solve it

2022: simple proofs

NATURALPROVER: Grounded Mathematical Proof
Generation with Language Models

Let x be an even integer. Then x + 5 is odd.

Generated Proof
Proof by Contradiction: Aiming for a contradiction,
suppose x + 5 is even.
Then there exists an integer k such that x + 5 = 2k.
This contradicts the premise that x is even.
Hence, by Proof by Contradiction, x + 5 is odd.

Welleck et al. - NeurlPS 2022, Figure 1


https://papers.neurips.cc/paper_files/paper/2022/file/1fc548a8243ad06616eee731e0572927-Paper-Conference.pdf

If we give Al a problem, it can often help us solve it

2026: open problems

September 8,2026 Researc| h  Publication

On the Navier-Stokes
Millennium Prize Problem

Read the paper Link to Lean formalized proof >

OpenAl - September 8, 2026


https://openai.com/index/navier-stokes-solution/
https://openai.com/index/navier-stokes-solution/
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Discovery as effort allocation

U: space of all problems
expressible in natural language



Discovery as effort allocation

U: space of all problems
expressible in natural language

e How should we allocate
human and Al effort?



Discovery as effort allocation

Option 1: have Al attempt
hand-selected problems,
humans review the results

hand-selected problems




Discovery as effort allocation

Option 1: have Al attempt
hand-selected problems,
humans review the results

e Effort is concentrated on a
small set of problems

e Problems may be too
difficult for the current Al

hand-selected problems




Discovery as effort allocation

Option 2: have Al attempt all
problems, humans review the
results

e Bottlenecks: Al effort,
human effort

Al attempts every problem
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Discovery as effort allocation

Our goal: given a research

direction, find relevant

problems
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research direction
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® ® N e Humans review the most
1

promising ones

e Which space of problems

_____ should the system
consider?

e Which problems should
the system recommend to
humans?



What kinds of problems?

Option 1: have Al propose
problems

e Automated conjecturing

e Al-generated problems



What kinds of problems?

Option 1: have Al propose
problems

e Automated conjecturing

e Might not be interesting

e Al-generated problems



What kinds of problems?

Option 2: select problems
from the literature

o Likely to be interesting

e Problems from the literature



What kinds of problems?

Option 2: select problems
from the literature

o Likely to be interesting
e Still a lot

e Problems from the literature



What kinds of problems?

Option 2: select problems
from the literature

o Likely to be interesting
e Still a lot

e Problems from the literature

Our goal: build a recommendation engine



Find, Attempt, Recommend (FAR)

Problem-level interface
Conjecture Attempt Resolution
Find
extract a pool of conjectures
Attempt || _
Literature conjectures a cale
ﬂmi ﬁ 2 1? Recommend
EF% '?' judge and grade

Mathematician

Expert
Review

P

Selected problem-
resolution pairs

Find, Attempt, Recommend (FAR)



Building FAR

e An agent cascade: from cheap to expensive

Search and recommender system cascade
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Building FAR

e An agent cascade: from cheap to expensive

Search and recommender system cascade
104--10°

Top-K
Item
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Input: a literature corpus and a research direction

e Problems from
the literature



Input: a literature corpus and a research direction

L] - . ;
research direction

© ©
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e Problems from o Pool P
the literature

Output: pool of problems to potentially attempt (P)



Find: our example run for combinatorics conjectures

OpenAlex
320M+ works

core catalog




Find: our example run for combinatorics conjectures

Randomly sample
OpenAlex ‘ mathematics papers 51,110
320M+ works ‘ »  mathematics

core catalog papers




Find: our example run for combinatorics conjectures

51,110 Label 5,245
mathematics combinatorics
papers papers

e Label: cheap LLM



Find: our example run for combinatorics conjectures

51,110 L 5,245 6,453
abel Extract|
mathematics combinatorics candidate
papers papers conjectures

e Label: cheap LLM

e Extract: LLM extracts unresolved statements



Find: our example run for combinatorics conjectures

P
oL, L1 Label 2 Extract| GA8E Check 4717
mathematics combinatorics candidate .
. still-open
papers papers conjectures

conjectures

e Label: cheap LLM
e Extract: LLM extracts unresolved statements

e Check: agent with web search



our example run for combinatorics conjectures

Source paper

Ikenmeyer, Pak, and Panova,
Positivity of the Symmetric Group
Characters is as Hard as the
Polynomial Time Hierarchy

Extracted candidate
Label: Conjecture 5.2

Statement: The problem
COMPUTECHARBINARY is
GapP-complete under many-one
reductions.



Find: our example run for combinatorics conjectures

Source paper

Ikenmeyer, Pak, and Panova,
Positivity of the Symmetric Group
Characters is as Hard as the
Polynomial Time Hierarchy

Extracted candidate
Label: Conjecture 5.2

Statement: The problem
COMPUTECHARBINARY is
GapP-complete under many-one
reductions.

Status: Open. The check found no
credible resolution.



Attempt stage

e Given a pool of problems and
a budget of attempts, attempt
to solve some of the problems
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Attempt stage

e Given a pool of problems and
a budget of attempts, attempt

to solve some of the problems
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Attempt stage

e Given a pool of problems and
a budget of attempts, attempt
to solve some of the problems

[ ] - : [ ) i
research direction
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)
Ne
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e Similar to a bandit problem:

each problem is an arm and
le
[ \ 1

* ,l
L] ~ e
-

each attempt is a pull

e Initial uninformed strategy:
just try each problem once

o Pool P
[] Problem to attempt
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Attempt: our example run for combinatorics conjectures

P Solve

4,717 one attempt
conjectures each

e Most powerful agent in the pipeline: GPT-5.5 with web search
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P Solve

4,717 one attempt
conjectures each

e Most powerful agent in the pipeline: GPT-5.5 with web search

e Performs another literature review to check for overlaps
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Attempt: our example run for combinatorics conjectures

Outcomes

3,224 UNRESOLVED
4,717 one attempt 443 KNOWN

P Solve

conjectures each 1,050 NEW

e Most powerful agent in the pipeline: GPT-5.5 with web search

e Performs another literature review to check for overlaps
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Recommend stage

Conjecture

Correctness

4
Al Judge Panel

resolution
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Recommend stage

Conjecture
+
resolution

Correctness
Al Judge Panel

v Pass

x Fail
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Recommend stage

Conjecture
+
resolution

Correctness
Al Judge Panel

Significance

Al Judge

x Fail
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Recommend stage

Known
Conjecture .
J Correctness Significance .
+ Too minor
) Al Judge Panel Al Judge
resolution
Publishable

x Fail
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Recommend stage

° _ I
research direction
- N

Results graded publishable are
surfaced to the user

o Pool P

* Surfaced to the user

12



Recommend: our example run for combinatorics conjectures

1,050 Correctness
NEW Al Judge Panel

e Correctness: 3 independent GPT-5.5 judges (xhigh); all must pass
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Recommend: our example run for combinatorics conjectures

1,050 Correctness v 598 N Significance
NEW Al Judge Panel Pass Al Judge
v
x 452

Fail

e Correctness: 3 independent GPT-5.5 judges (xhigh); all must pass
e Significance: GPT-5.5 (xhigh) with web search
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Recommend: our example run for combinatorics conjectures

75
Known
1,050 H Correctness P v 598 . Significance 446
NEW Al Judge Panel Pass Al Judge Too minor
¥ 77 (A)
X 452 Publishable
Fail

e Correctness: 3 independent GPT-5.5 judges (xhigh); all must pass
e Significance: GPT-5.5 (xhigh) with web search

A: conjectures with artifacts graded publishable

13



Studying the recommendations

e Zeyu, Shengtong, and Sylvester W. Zhang picked 15
conjecture-resolution pairs and studied the results
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Studying the recommendations

e Zeyu, Shengtong, and Sylvester W. Zhang picked 15
conjecture-resolution pairs and studied the results

e Each resolution was correct
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Studying the recommendations

e Zeyu, Shengtong, and Sylvester W. Zhang picked 15
conjecture-resolution pairs and studied the results

e Each resolution was correct

e Novel resolutions included conjectures of
Davies-Jenssen-Perkins-Roberts, Erdés-Straus, and
Ikenmeyer-Pak-Panova

14



Reviewed solutions

C REVIEWED SOLUTIONS

Thls appendix collects the write-ups of the resulls the authors reviewed, ordered alphabetically by
icians who posed the p

C.1 (Ananchuen—Caccetta) Paley graphs with a prescribed adjacency property . . . . . 27
C.2 (Budden—Penland) A 4-uniform tree thatisnot 5-good . . . . .. ... ... ... 31
C.3 (Davies—Jenssen—Perkins—Roberts) Maximum versus average independent set size
intriangle-free graphs . . . . ... ... 35
C.4 (ErdSs) Sets with no large divisor difference . . . . ... ........ .. ... . 41
C.5 (Erd6s—Straus) Divisibility among binomial coefficients . . . . . . ... ... ... 44
C.6 (Ikenmeyer—Pak—Panova) Many-one GapP-completeness for binary symmetric
group characters . . . 49
C.7 (Kahn) Matching variance versus the residual matching number . . .. ... ... 55
C.8 (Klazar) An ordered hypergraph extremal function of order nlogn . . . . .. ... 62

C.9 (Kumar-Mohar-Pragada—Zhan) Eigenvalues below —2 under repeated subdivision 65

C.10 (Lund-Saraf-Wolf) Small unions of lines closing a route to the Nikodym bound . . 70
C.11 (Naserasr—Wang—Zhu) High-girth graphs attaining x$(G) = 2x(G) .. ... ... 74
C.12 (Rodl-Siggers) Counting 4-critical linear triple systems . . . . .. ... ... ... 79
C.13 (Spiro) Strongly connected digraphs with no small k-kernel . . . . ... ... ... 84
C.14 (Taylor) F-positivity of chromatic symmetric functions of hypertrees . . . . . . . . 88
C.15 (Wanless) Quartically many Fano subsquares in Latin squares . . . . . . ... ... 94
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ProbXiv: view all results

-+ ProbXiv Search problems. search sign in

An open workspace for mathematical discovery. Check proofs, make comments, form collaborations.

Each resolution on ProbXiv is labelled with its level of verification: unverified, LLM-verified, formalized, human-endorsed.

open questions

Chen-Gendron Spin-Parity Identity for k-Differentials lean: partially-checked Lean does the formalisation match?
no ProbXiv account is credited

o n & Quentin Gend
ged(n+1.k) = 1,is N k)= | (c+1)/4 | pmod 2, where
N_k(n) counts pairs 1 £ b_i < (k-1)/2withb_1+b_2 > (k+1)/2andb_2=nb_1

with ged(n.k)

“For odd

pmod k? Conjec

red by Chen and Gendron; s proof removes a

How Many Stemmata with Root Degree k? model says: correct say whether it holds ~
GPT-5.5 xhigh (SMD judge 1)
no ProbXiv account is credited

d by Armin Hoenen, Steffen E alf G

“While we are not able to prove it we think it s a very safe conjecture that R_2(m)
converges to below 0,607 , a5 m tends toward infinity”
RECURSIONS ASSOCIATED TO TRAPEZOID, SYMMETRIC AND ROTATION model says: correct say whether 1t holds
SYMMETRIC FUNCTIONS OVER GALOIS FIELDS GPT-5.5 xhigh (sHD judge 1)
no ProbXiv account is credited
osed by Francis N. Castr hapnan, Luis A. Medina, L. Brehsr
sGiveda

“Let t_k,q(n) be defined by (5.1) t_kq() = ¢, for0 s j k1 ¢ ka@) =q 3 1=0°k2
()" t_k,q(n-(1+2), for n > k. Then, S_F_q(T_2,3,...k(n)) = t_k,q(n) for all values

ofnzk

problems

https://probxiv.com
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Allocating effort: scaling laws of mathematical discovery

Our run attempted every conjecture in the pool.

Recorded outcomes

| Attempted problem  x Graded publishable

17
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Our run attempted every conjecture in the pool.

Recorded outcomes Select B attempts

| Attempted problem  x Graded publishable

e With a smaller attempt budget B, which problems should we
choose?
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Allocating effort: scaling laws of mathematical discovery

Our run attempted every conjecture in the pool.

Recorded outcomes Select B attempts

| Attempted problem  x Graded publishable

e With a smaller attempt budget B, which problems should we
choose?

e We consider a simple setting: 0 or 1 attempts per conjecture

17



Estimating the probability of a publishable result

We have the agent output a difficulty score d(c) and an importance score
i(¢) before attempting a solution.

18



Estimating the probability of a publishable result

We have the agent output a difficulty score d(c) and an importance score
i(¢) before attempting a solution.

Using the completed run, we fit models to predict:

1. Acceptance given difficulty d(c)

2. Publishability among accepted resolutions given importance i(c)
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Estimating the probability of a publishable result

We have the agent output a difficulty score d(c) and an importance score
i(¢) before attempting a solution.

Using the completed run, we fit models to predict:

1. Acceptance given difficulty d(c)

2. Publishability among accepted resolutions given importance i(c)

Their product estimates the probability of a publishable result:
p(c) = accept(c) x pub-given-accept(c).

We hold out conjectures and use this estimate to select ones to attempt.

18



Discovery objectives

We can aim to maximize three different objectives:

e Expected number of publishable results

19



Discovery objectives

We can aim to maximize three different objectives:

e Expected number of publishable results

e Expected total importance of publishable results
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Discovery objectives

We can aim to maximize three different objectives:

e Expected number of publishable results
e Expected total importance of publishable results

e Expected importance of the single best publishable result

19



Comparing allocation strategies

o
1

expected artifacts
N S
1 1

o
L

T T T T T T
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budget B

—=— Uniform random
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2 2
5 5 087
6 37 S
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T 2 %
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g £ 0.4
el el
(]) 14 E
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0 50 100 150 200 250 300 0
budget B
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budget B

—— Top 10% by i(c), then p(c)

e Ranking by p(c) finds more publishable results than uniform random.
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Comparing allocation strategies

8 g 41 ©
£ g g
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0 50 100 150 200 250 300 0 50 100 150 200 250 300 0 50 100 150 200 250 300
budget B budget B budget B

—=— Uniform random —e— p(c) —— Top 10% by i(c), then p(c)

e The best strategy depends on the objective.

20



21



e Input: description of a direction
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e Input: description of a direction

e Output: conjecture-resolution pairs for human review

21



e Input: description of a direction
e Output: conjecture-resolution pairs for human review

e To use it for your area, you need a budget of model attempts and
human expertise for studying/reviewing the recommendations

21



Input: description of a direction

Output: conjecture-resolution pairs for human review

To use it for your area, you need a budget of model attempts and
human expertise for studying/reviewing the recommendations

Implemented as a cascade of agents; each stage can be improved

21



Moving forward: frontier of resolvable problems

1
Open problem oL
Human-solved problem 5 9
0.8 - k= 8
= S
= a
&2 £
% 0.6 - ) >
5 i % £ Al capability threshold | | 3
S04 z Tl g
7] : S
K , <
0.2
0- ] ] ! ! |
0 0.2 0.4 0.6 0.8 1

Mathematical importance

e As models improve, the frontier of resolvable problems will grow

22



Moving forward: which problems should Al recommend?

e Ensure that “importance” is
aligned with the user's notion
of importance

23



Moving forward: which problems should Al recommend?

e Ensure that “importance” is
aligned with the user's notion
of importance

e Should Al make the problems
too?

23



ProbXiv

-+ ProbXiv Search problems. search sign in

An open workspace for mathematical discovery. Check proofs, make comments, form collaborations.

Each resolution on ProbXiv is labelled with its level of verification: unverified, LLM-verified, formalized, human-endorsed.

open questions

Chen-Gendron Spin-Parity Identity for k-Differentials lean: partially-checked Lean does the formalisation match?
no ProbXiv account is credited

o n & Quentin Gend
ged(n+1.k) = 1,is N k)= | (c+1)/4 | pmod 2, where
N_k(n) counts pairs 1 £ b_i < (k-1)/2withb_1+b_2 > (k+1)/2andb_2=nb_1

with ged(n.k)

“For odd

pmod k? Conjec

red by Chen and Gendron; s proof removes a

How Many Stemmata with Root Degree k? model says: correct say whether it holds ~
GPT-5.5 xhigh (SMD judge 1)
no ProbXiv account is credited

d by Armin Hoenen, Steffen E alf G

“While we are not able to prove it we think it s a very safe conjecture that R_2(m)
converges to below 0,607 , a5 m tends toward infinity”
RECURSIONS ASSOCIATED TO TRAPEZOID, SYMMETRIC AND ROTATION model says: correct say whether 1t holds
SYMMETRIC FUNCTIONS OVER GALOIS FIELDS GPT-5.5 xhigh (sHD judge 1)
no ProbXiv account is credited
osed by Francis N. Castr hapnan, Luis A. Medina, L. Brehsr
sGiveda

“Let t_k,q(n) be defined by (5.1) t_kq() = ¢, for0 s j k1 ¢ ka@) =q 3 1=0°k2
()" t_k,q(n-(1+2), for n > k. Then, S_F_q(T_2,3,...k(n)) = t_k,q(n) for all values

ofnzk

problems

https://probxiv.com

24


https://probxiv.com

€) Plattorm - Solutions = Resources ~  Open Source ~  Enterprise *  Pricing search Signin  Signup

© zeyu-zheng [FAR Public Q Notfications ¥ Fork 4 %7 Swr 14

©code O lssues 11 Pullrequests © Actions [ Projects ) Securty and quality < Insights

3 main - ¥ 18ranch © 0Tags

No description, website, or topics

zeyu-zheng fix:improve resume and streaming pipeline handiing 639708 -yesterday D)2 Commits provided.
0 Readme
assets Release 2 weeks ago
B Apache-20 license
data Release 2 weeks ago A Activty
% 1astars
scripts Release 2 weeks ago Bt
© 2 watching
stc i: improve resume and streaming pipeline handing yesterday ¥ 4forks
tests fix:improve resume and streaming pipeline handling yesterday Report repository
[ gitignore Release 2weeks ago
Releases
[ ucense Release 2 weeks ago No reeases publshed
[ README.md Release 2 weeks ago
Contributors 1
[ requirements.txt Release

2 weeks ago
zeyu-zheng Zeyu Zheng
[0 README 45 Apache-2.0 license

Languages

.. Anysphere py—

Carnegie Mellon University

FAR- Find Attamnt and Rarammand
https://github.com/zeyu-zheng/FAR
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https://github.com/zeyu-zheng/FAR

Thank you for your support

I \

' NARDA

\ '.‘ ]'.V'
\ ,

expMath

Compute/API support from
Google, OpenAl, Anysphere
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Thank you!

THE PROBLEM IS THE PROBLEM:
TOWARDS SCALABLE MATHEMATICAL DISCOVERY
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L3 Lab: https://cmu-13.github.io
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