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Neural Language Models



Neural Language Models

What is the meaning  
of life?

The meaning of life is a question 
that has been asked by people  
throughout history.  
There is no one correct answer to 
this question.

Language 
model

Language model



Neural Language Models

Language 
model

Language model

[Han et al 2021]

https://arxiv.org/pdf/2102.06203.pdf


Proofwiki
Textbook

FormalInformal

Mathlib/Lean

Isabelle/HOL

Informal & formal mathematics



[Lample & 
Charton 
2019]

Problem Solving

[Cobbe et al 2021]

Formal Theorem Proving

[Han et al 2021][[Polu et al 2022]

Systematic Reasoning with 
Language

[Tajford et al 2020]

Informal Theorem Proving

Long-form QA

[Nakano et al 2022]

Interesting for machine learning

https://arxiv.org/pdf/2102.06203.pdf
https://arxiv.org/pdf/2202.01344.pdf
https://arxiv.org/pdf/2012.13048.pdf
https://arxiv.org/pdf/2112.09332.pdf


‣ Formal mathematics:  tactic [Han et al 2021]gpt-f ‣ Code: GitHub CoPilot / Codex

Interesting applications

Language 
model

Language model

Language 
model

Language model

‣ Mathematics



Outline

• Language models for generating proofs and suggesting next steps


• Premise-augmented generation


• Premise constraints


• Evaluation schema & study


• Interactive human-machine proving



Data: NaturalProofs-Gen
‣ NaturalProofs [Welleck et al 2021]: Multi-domain dataset of mathematical proofs


‣  ProofWiki domain: 20k theorems, 12.5k definitions

Broad-
coverage 

Deep-
coverage 

Low-
resource 

NaturalProofs NaturalProofs | Proofwiki
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Proof  
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Data: NaturalProofs-Gen



Theorem  

Proof   

•  : ‘proof step’

x

y = (y1, …, yTy
)

yt

Data: NaturalProofs-Gen



Theorems

Definitions

Misc.

Data: NaturalProofs-Gen

~30k references 
(theorems, definitions) 



Data: NaturalProofs-Gen

Broad-
coverage 

Deep-
coverage 

Low-
resource 

NaturalProofs



‣ Train: 12.5k theorems/proofs 

‣ Validation/Test: 1k theorems/proofs each 

‣ Evaluation: 100 valid, 100 test theorems

Data: NaturalProofs-Gen



Proof generation task

Even Integers form Commutative Ring

Theorem  

 
Full proof  

x

y

Input

Output



Vanilla language model

Training

Theorem  
The sum of any finite 

number of even 
integers is even.

Proof 
By induction:  

for all , let … n ∈ ℕ P(n)

Language  
Model

max
θ ∑

x,y∈Dtrain

log pθ(y |x)

Finetune on (theorem, proof) pairs

https://proofwiki.org/wiki/Definition:Integer_Addition
https://proofwiki.org/wiki/Definition:Finite_Set
https://proofwiki.org/wiki/Definition:Finite_Set
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Principle_of_Mathematical_Induction


Generation

Theorem  
Let  be an even integer. 

Then  is odd.
x

x + 5

Language  
Model

Greedy 
Decoding

ŷ = greedy(pθ(y |x))

Proof by Contradiction: Aiming for a contradiction, 
suppose  is even. 
Then there exists  such that . 
But from Odd Integer Plus Odd Integer is Odd, 

 is odd. 
The results follows by Proof by Contradiction.

x + 5
r ∈ ℤ x + 5 = 2r

2r + 1

Generated Proof

Greedily-decode a proof

Vanilla language model

https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Odd_Integer


NaturalProver

Language  
Model

pθ(y |x, R)Condition on background knowledge (references R)

1. Reference-reconstruction

Reference Title 
Even Integer

Reference Content 
An integer  is even 
iff it is of the form  

…

n

n = 2r

max
θ

log pθ(rcontent |rtitle)



NaturalProver

Theorem  
The sum of any finite 

number of even 
integers is even.

Proof 
By induction:  

for all , let … n ∈ ℕ P(n)

Language  
Model

pθ(y |x, R)Condition on background knowledge (references R)

2. In-context reference titles: 

Reference Titles 
Even Integer 

Proof by Induction 
Integer Addition

max
θ

log pθ(y |x, Rtitle)

https://proofwiki.org/wiki/Definition:Integer_Addition
https://proofwiki.org/wiki/Definition:Finite_Set
https://proofwiki.org/wiki/Definition:Finite_Set
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Principle_of_Mathematical_Induction


NaturalProver

Language  
Model

A. Retrieved references

Retrieval  
Model

References 
Even Integer 
Odd Integer 

Integer 
Integer Addition 

…

pθ(y |x, R)Condition on background knowledge (references R)

pθ(y |x, ̂r1, …, ̂r20)
f(x) → ̂r1, …, ̂r|R|

Theorem  
The sum of any finite 

number of even 
integers is even.

Theorem  
The sum of any finite 

number of even 
integers is even.

Proof 
By induction:  

for all , let … n ∈ ℕ P(n)
Reference Titles 

Even Integer 
Odd Integer 

Integer 
Integer Addition 

…

https://proofwiki.org/wiki/Definition:Integer_Addition
https://proofwiki.org/wiki/Definition:Finite_Set
https://proofwiki.org/wiki/Definition:Finite_Set
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Integer_Addition
https://proofwiki.org/wiki/Definition:Finite_Set
https://proofwiki.org/wiki/Definition:Finite_Set
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Principle_of_Mathematical_Induction


NaturalProver

B. “Human Provided”

 pθ(y |x, r*1 , …, r*ny
)

y* → r*1 , …, r*ny

Condition on background knowledge (references R)

Language  
Model

Theorem  
The sum of any finite 

number of even 
integers is even.

Gold Proof 
By induction:  

for all , let … n ∈ ℕ P(n)

Proof 
By induction:  

for all , let … n ∈ ℕ P(n)

Reference Titles 
Even Integer 

Proof by Induction 
Integer Addition

Reference Titles 
Even Integer 

Proof by Induction 
Integer Addition

https://proofwiki.org/wiki/Definition:Integer_Addition
https://proofwiki.org/wiki/Definition:Finite_Set
https://proofwiki.org/wiki/Definition:Finite_Set
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Principle_of_Mathematical_Induction
https://proofwiki.org/wiki/Principle_of_Mathematical_Induction


NaturalProver + constrained decoding

Generation Theorem  
Let  be an even integer. 

Then  is odd.
x

x + 5 Language  
Model

Greedy 
Decoding

Reference Titles 
Even Integer 
Odd Integer 

Integer 
Proof by Contradiction

Let  be even. Then: 
… 

The result follows by the Rule of Transposition.

x
Generated Proof

https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Odd_Integer


NaturalProver + constrained decoding

Theorem  
Let  be an even integer. 

Then  is odd.
x

x + 5 Language  
Model

Reference Titles 
Even Integer 
Odd Integer 

Integer 
Proof by Contradiction

Constrained 
Decoding

Proof by Contradiction: Aiming for a contradiction, 
suppose  is even. 
Then there exists an integer  such that . 
This contradicts the premise that  is even. 
Hence, by Proof by Contradiction,  is odd.

x + 5
k x + 5 = 2k

x
x + 5

Generated Proof

Hypothesis: searching for high-probability proofs that contain the provided references 
improves correctness

Generation

https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Odd_Integer


NaturalProver + constrained decoding
Value function

•  +  
     # constraints
v(y≤t) = α ⋅ log pθ(y≤t |x)

(1 − α) ⋅

Proof:

Constraints 
Co-Countable Measure is Measure 

Measure 
Probability Measure 

Proof by Contradiction

Stepwise beam search

• Sample multiple next-step candidates 

• Retain those with high value in a beam 

• Repeat



Method summary
1. Baseline 


2. NaturalProver-Retrieved 


• 


• Top 20 retrievals from a NaturalProofs retriever 


3. NaturalProver 

• 


• Set of references from a ground-truth proof


• 4. NaturalProver++ : with constrained decoding

pθ(y |x)

pθ(y |x, ̂r1, …, ̂r20)

f(x) → ̂r1, …, ̂r|R|

pθ(y |x, r*1 , …, r*ny
)

• Language models: GPT-3 Curie


• Fine-tuned through OpenAI API



Evaluation | Protocol
• Step-level annotation


• {0,1} errors (stay tuned)



Evaluation | Protocol
• Step-level annotation


• {0,1} errors


• Correctness 

• Usefulness



Evaluation | Protocol
• Full-proof summary


• Correctness 

• Usefulness

•  15 [Applied] Mathematics students 
at UW (undergrad, master’s, Ph.D.)


• 100 validation, 100 test theorems



Evaluation | Schema

Actual predictions from baseline GPT-3 model



Evaluation | Schema

Theorem: Cosine of Zero is One

Actual predictions from baseline GPT-3 model



Evaluation | Schema

Actual predictions from baseline GPT-3 model



Evaluation | Schema

Theorem: Integral Domain is Reduced Ring

Actual predictions from baseline GPT-3 model



Evaluation | Schema

Actual predictions from baseline GPT-3 model



Evaluation | Schema

Actual predictions from baseline GPT-3 model



Evaluation | Schema

Actual predictions from baseline GPT-3 model



Evaluation | Schema

Actual prediction from baseline GPT-3 model



Evaluation | Schema



Results | Full Proof Summary
Full Proof Summary Metrics

1

13.25

25.5

37.75

50

Correctness Usefulness
Vanilla GPT-3
NaturalProver-Retrieved 
NaturalProver-Provided
NaturalProver-Provided++

+146%

+125%



Results | Per-step Metrics
Reasoning Errors (  )

1

13.25

25.5

37.75

50

References Equations Other

Vanilla GPT-3
NaturalProver-Retrieved 
NaturalProver++

↓



Results | Per-step Metrics
Correct/Useful (   )

1

13.25

25.5

37.75

50

Correct Useful

Vanilla GPT-3
NaturalProver-Retrieved 
NaturalProver++

↑



Proof: NaturalProver-Retrieved

Theorem: Compact Complement Topology is Connected 

Type 1: “Reference assembly”

Uses theorems

Correct & Useful

Retrieved References



Theorem: Compact Complement Topology is Connected 

Proof: Baseline GPT-3



Theorem: Pointwise Addition on  
Real-Valued Functions is Associative 

Type 2: “Template Adaptation”

Proof: NaturalProver++



Theorem: Pointwise Addition on  
Real-Valued Functions is Associative 

Type 2: “Template Adaptation”

Proof: NaturalProver++



Type 3: “sophisticated”

Uses definitions

Uses theorems

Correct & Useful

Proof: NaturalProver++

Theorem: Singleton Set is not Dense-in-Itself



Type 3: “sophisticated”

Theorem: Singleton Set is not Dense-in-Itself

Proof: Baseline GPT-3



Results | Per-step Metrics

Pearson correlation between human and automatic metrics



Next-step suggestion
Even Integers form Commutative Ring

Theorem  

Prior proof steps  

x

y*<t

Input

Next-step suggestions 
  {yk

t }K
k=1 Outputs

Human-written



Next-step suggestion

Correct/Useful (   )

1

14.5

28

41.5

55

Correct Useful

↑
>50% useful!



Derivative of Even Function is Odd

…

…

…

…

Generated suggestion

Human selection Proof

Human-machine collaborative proving



Derivative of Even Function is Odd

Human-machine collaborative proving



Where do models struggle the most?
I: Equations / Derivations 

> 25% error rate for all 
models



Where do models struggle the most?
II: Reference usage

> 15% error rate for all 
models



Where do models struggle the most?
III: Long proofs



Looking ahead  |  reliability

Detectable?



Looking ahead  |  capability 

Learning from feedback

Language 
model

Language model

Proof

…

…



Looking ahead  |  informal <-> formal 

Best of both 
worlds?

FormalInformal

• Flexibility

• Reliability


• Flexibility

• Reliability



Thank you!
• Full paper : https://arxiv.org/pdf/2205.12910.pdf 


• Code/data/models : https://github.com/wellecks/naturalprover 

https://arxiv.org/pdf/2205.12910.pdf
https://github.com/wellecks/naturalprover

